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PHFKDQLFV KHDWPDVV WUDQVIHU ILQLWH HOHPHQWPHWKRGV HOHFWURPDJQHWLF ILHOG WKHRU\ HWF8VXDOO\ WKHVH LQWHJUDOV
FDQQRWEHVROYHGDQDO\WLFDOO\ WKXVQXPHULFDOPHWKRGVKDYHWREHDSSOLHG)LQGLQJQXPHULFDODSSUR[LPDWLRQWRDQ
LQWHJUDO LV RQH RI WKH FRUQHU VWRQHV RI 1XPHULFDO $QDO\VLV :KLOH QXPHULFDO LQWHJUDWLRQ RYHU RQHGLPHQVLRQDO
LQWHJUDOVLVZHOOXQGHUVWRRGDQGRSWLPDOWKHRUHWLFDOVROXWLRQVDUHDYDLODEOHIRUDZLGHUDQJHRISUREOHPV>@WKH
KLJKHUGLPHQVLRQDO FDVH LV VWLOO D ILHOGRIRQJRLQJ UHVHDUFK$OVRH[WHQVLYH UHVHDUFKKDVEHHQGRQH LQQXPHULFDO
LQWHJUDWLRQRYHU'UHJLRQVOLNHWULDQJXODUDQGTXDGULODWHUDOHOHPHQWV>@
&XEDWXUHIRUPXODHRYHUGLIIHUHQWWKUHHGLPHQVLRQDOUHJLRQVDUHGHULYHGE\VROYLQJPDQ\V\VWHPVRIQRQ
OLQHDUHTXDWLRQVZKLFK LVDYHU\ WHGLRXVSURFHGXUH'XH WR WKLVGLIILFXOW\GHULYDWLRQRIFXEDWXUH UXOHVEHFRPHVD
&RUUHVSRQGLQJDXWKRU7HOID[
(PDLODGGUHVVMBVDUDGD#EOUDPULWDHGX
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FKDOOHQJHDVWKHRUGHULQFUHDVHV$OVRWKHVHFXEDWXUHUXOHVDUHUHVWULFWHGWRSDUWLFXODUGRPDLQV&XEDWXUHUXOHVRYHUD
]HURRQH FXEH D VWDQGDUG WHWUDKHGURQ D SULVP D S\UDPLG HWF FDQ EH IRXQG LQ OLWHUDWXUH >@ 1R H[WHQVLYH
UHVHDUFKKDVWDNHQSODFHWRGHULYHTXDGUDWXUHRUFXEDWXUHUXOHVRYHU'UHJLRQVZLWKFXUYHGIDFHV,QWKLVSDSHUZH
DUHSURSRVLQJDJHQHUDOLQWHJUDWLRQIRUPXODWRHYDOXDWHDQ\WULSOHLQWHJUDOZLWKILQLWHOLPLWVKDYLQJLQWHJUDOGRPDLQV
OLNH FXERLGV WHWUDKHGURQV SULVPV S\UDPLGV RU DQ\ RWKHU ERXQGHG UHJLRQVZLWK SODQDU RU QRQSODQDU IDFHV7KH
LQWHJUDWLRQUXOHSURSRVHGLQWKLVSDSHUGRHVQ¶WUHTXLUHVROYLQJQRQOLQHDUV\VWHPRIHTXDWLRQVDVZHDUHGHULYLQJD
SURGXFWIRUPXODXVLQJWKHRQHGLPHQVLRQDOTXDGUDWXUHSRLQWVJLYHQLQ>@





HIIHFWLYH LQWHJUDWLRQ UXOH WR LQWHJUDWH WULSOH LQWHJUDOV ZLWK ILQLWH OLPLWV LQ VHFWLRQ  ,Q VHFWLRQ  ZH JLYH WKH





,>I@ ׬ ݂ሺ࢞ഥሻ݀ߗఆ ൎσ ݓ௜݂ሺ࢞ഥ࢏ሻெ௜ୀଵ  4>I@    
ZKHUH࢞ഥ࢏߳ߗݓ௜ ൐ ͲLVWKHZHLJKWIRUDEVFLVVD࢞ഥ࢏DQG0LVWKHQXPEHURIQRGHSRLQWVXVHGIRULQWHJUDWLRQ
,IWKHGRPDLQRILQWHJUDWLRQLVRQHGLPHQVLRQDOWKHDSSUR[LPDWLRQLQ(TLVFDOOHGDTXDGUDWXUHIRUPXOD,IWKH
LQWHJUDWLRQGRPDLQ LVQGLPHQVLRQDO Q WKHDSSUR[LPDWLRQ LQ(T  LVFDOOHGDFXEDWXUH IRUPXOD7KH WHUP
LQWHJUDWLRQUXOHLVDOVRXVHG
7KHHUURUȁܫሾ݂ሿ െ ܳሾ݂ሿȁVKRXOGDSSURDFK]HURZKHQ WKHQXPEHURI LQWHJUDWLRQDEVFLVVDV LV LQFUHDVHG LH
ெ՜ஶȁܫሾ݂ሿ െ ܳሾ݂ሿȁ ൌ Ͳ
 *HQHUDOL]HG*DXVVLDQ4XDGUDWXUH
7KH*DXVVLDQTXDGUDWXUHLVDQXPHULFDOLQWHJUDWLRQIRUPXODJLYHQE\
׬ ݍሺݔሻ߶ሺݔሻ݀ݔ≈  σ ݓ௜߶ሺݔ௜ሻே௜ୀଵ௕௔     
ZKHUHݔ௜߳ሾܽǡ ܾሿDQGݓ௜߳ࡾା IRU DOO݅ ൌ ͳǡ ʹǡ ǥ ǡ ܰǤ7KHSRLQWVݔ௜DUH FDOOHGQRGDOSRLQWV DQG WKHFRHIILFLHQWVݓ௜
DUHUHIHUUHGWRDVZHLJKWVRI WKHTXDGUDWXUHIRUPXOD7KHTXDGUDWXUHIRUPXODJLYHQLQ(T LVFDOOHGDFODVVLFDO
*DXVVLDQTXDGUDWXUHUXOHLILWLQWHJUDWHVH[DFWO\DOOSRO\QRPLDOVRIRUGHUXSWR1ZKHUHDV(TLVVDLGWREHD
JHQHUDOL]HG*DXVVLDQTXDGUDWXUHUXOHZLWKUHVSHFWWRDVHWRIIXQFWLRQVሼ߶ଵǡ ߶ଶǡǥ ǡ ߶ଶேሽLILWLQWHJUDWHVH[DFWO\DOOWKH
1IXQFWLRQVLQWKHVHWሼ߶ଵǡ ߶ଶǡ ǥ ǡ ߶ଶேሽǤ
7KH JHQHUDOL]HG *DXVVLDQ TXDGUDWXUH ZLWK UHVSHFW WR WKH VHW RI IXQFWLRQV
ሼͳǡ ݈݊ݔǡ ݔǡ ݔ݈݊ݔǡ ǥ ǡ ݔேିଵǡ ݔேିଵ݈݊ݔሽIRU1 DUHJLYHQLQWKHWDEOHRI>@:HVKDOOEHXVLQJWKHVH
QRGHVDQGZHLJKWVLQWKHSURGXFWIRUPXODVKRZQLQWKHQH[WVHFWLRQ
 'HULYDWLRQRIWKHJHQHUDOLQWHJUDWLRQIRUPXOD




௔       
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7R GHULYH D QXPHULFDO LQWHJUDWLRQ PHWKRG WR LQWHJUDWH WKH DERYH LQWHJUDO ZH WUDQVIRUP WKH GRPDLQ RI
LQWHJUDWLRQ
ߗ ൌ ሼሺݔǡ ݕǡ ݖሻȁܽ ൑ ݔ ൑ ܾǡ ݃ଵሺݔሻ ൑ ݕ ൑ ݃ଶሺݔሻǡ ݄ଵሺݔǡ ݕሻ ൑ ݖ ൑ ݄ଶሺݔǡ ݕሻሽ
WRD]HURRQHFXEHLQWKHߦߟߛVSDFH
  ܥ ൌ ሼሺߦǡ ߟǡ ߛሻȁͲ ൑ ߦ ൑ ͳǡ Ͳ ൑ ߟ ൑ ͳǡ Ͳ ൑ ߛ ൑ ͳሽ
XVLQJWKHWUDQVIRUPDWLRQ
ݔ ൌ ሺܾ െ ܽሻߦ ൅ ܽ
ݕ ൌ ሾ݃ଶሺݔሺߦሻ െ ݃ଵሺݔሺߦሻሻሿߟ ൅ ݃ଵሺݔሺߦሻሻ
ݖ ൌ ሾ݄ଶሺݔሺߦሻǡ ݕሺߦǡ ߟሻሻ െ ݄ଵሺݔሺߦሻǡ ݕሺߦǡ ߟሻሻሿߛ ൅ ݄ଵሺݔሺߦሻǡ ݕሺߦǡ ߟሻሻ
+HUHݔLVDIXQFWLRQRIߦݕLVDIXQFWLRQRIߦߟDQGݖLVDIXQFWLRQRIߦߟDQGߛ
7KH-DFRELDQRIWKHWUDQVIRUPDWLRQLV





ܫሾ݂ሿ ൌ ׬ ݂ሺݔǡ ݕǡ ݖሻ݀ߗఆ 





ൎ σ σ σ ݓଵ௜ݓଶ௝ݓଷ௞ே௞ୀଵ ȁܬȁ݂ሺே௝ୀଵே௜ୀଵ ݔሺߦ௜ሻǡ ݕሺߦ௜ǡ ߟ௝ሻǡ ݖሺߦ௜ǡ ߟ௝ǡ ߛ௞ሻሻ
ൎ σ ܿ௠ேయ௠ୀଵ ݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻ       
ZKHUH
ܿ௠ ൌ ݓଵ௜ݓଶ௝ݓଷ௞ሺܾ െ ܽሻሾ݃ଶሺݔሺߦ௜ሻሻ െ ݃ଵ൫ݔሺߦ௜ሻ൯ሿሾ݄ଶሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻ െ ݄ଵሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻሿ
ݔ௠ ൌ ሺܾ െ ܽሻߦ௜ ൅ ܽ
ݕ௠ ൌ ሾ݃ଶሺݔሺߦ௜ሻ െ ݃ଵሺݔሺߦ௜ሻሻሿߟ௝ ൅ ݃ଵሺݔሺߦ௜ሻሻ
ݖ௠ ൌ ሾ݄ଶሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻ െ ݄ଵሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻሿߛ௞ ൅ ݄ଵሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻ   
+HUHߦ௜ǡ ߟ௝ܽ݊݀ߛ௞DUHWKHQRGHSRLQWVLQDQGݓଵ௜ǡ ݓଶ௝ݓଷ௞DUHWKHLUFRUUHVSRQGLQJZHLJKWVLQRQH
GLPHQVLRQ $Q\ RI WKH *DXVVLDQ TXDGUDWXUH SRLQWV DQG ZHLJKWV FDQ EH DSSOLHG LQ WKLV IRUPXOD OLNH WKH *DXVV
/HJHQGUH *DXVV-DFREL *DXVV+HUPLWH HWF ,Q RXU DSSURDFK ZH DUH XVLQJ WKH JHQHUDOL]HG *DXVVLDQ TXDGUDWXUH
QRGHVDQGZHLJKWVIRUWKHSURGXFWRISRO\QRPLDOVDQGORJDULWKPIXQFWLRQJLYHQLQ>@DVLWLVSURYHGLQ>@WKDW
WKHVHQRGHVDQGZHLJKWVJLYHEHWWHU UHVXOWVFRPSDUHG WRDQ\RWKHURQHV IRURQHGLPHQVLRQDO LQWHJUDWLRQDQG WZR
GLPHQVLRQDOLQWHJUDWLRQV




DQG  IRU LQWHJUDWLRQ RYHU IHZ WKUHH GLPHQVLRQDO UHJLRQV ZKLFK DUH FRPPRQO\ IRXQG LQ DSSOLFDWLRQV RI
HQJLQHHULQJ DQG VFLHQFHV 7KH GLVWULEXWLRQ RI SRLQWV LQ WKH GRPDLQ RI LQWHJUDWLRQ DQG WKH FRPSXWHG UHVXOWV IRU D
YDULHW\RILQWHJUDOVRYHUWKHVHGRPDLQVDUHDOVRSURYLGHG
 &XERLG
%\ VXEVWLWXWLQJ ݃ଵ ൌ ܿǡ ݃ଶ ൌ ݀ǡ  ݄ଵ ൌ ݁ DQG ݄ଶ ൌ ݂ LQ (T  ZH JHW WKH QRGHV DQG ZHLJKWV
ሺݔ௠ǡ ݕ௠ǡ ݖ௠ǡ ܿ௠ሻUHTXLUHGIRUWKHLQWHJUDWLRQIRUPXODLQ(TRYHUDFXERLGDVIROORZV
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௔ ൎ σ ܿ௠ே
య
௠ୀଵ ݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻ  










































ܫହ ൌ න න න
ͳ









/LNH WULDQJXODU HOHPHQWV DUH ZLGHO\ XVHG LQ )LQLWH (OHPHQW 0HWKRGV)(0 IRU WKH WZRGLPHQVLRQDO
SUREOHPVWHWUDKHGUDOHOHPHQWVDUHXVHGLQ)(0WRVROYHWKUHHGLPHQVLRQDOSUREOHPV
%\ VXEVWLWXWLQJܽ ൌ Ͳܾ ൌ ܽ ଵ݃ ൌ Ͳǡ ݃ଶ ൌ ܽ െ ݔǡ݄ଵ ൌ ͲDQG݄ଶ ൌ ܽ െ ݔ െ ݕ LQ (T ZH JHW WKH QRGHV DQG
ZHLJKWV ሺݔ௠ǡ ݕ௠ǡ ݖ௠ǡ ܿ௠ሻUHTXLUHG IRU LQWHJUDWLRQ RYHU D WHWUDKHGURQܶ ൌ ሼሺݔǡ ݕǡ ݖሻȀͲ ൑ ݔ ൑ ܽǡ Ͳ ൑ ݕ ൑ ܽ െ ݔǡ
Ͳ ൑ ݖ ൑ ܽ െ ݔ െ ݕሽDVIROORZV
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ZKHUHܿ௠ ൌ ݓଵ௜ݓଶ௝ݓଷ௞ሺܾ െ ܽሻሺ݀ െ ܿሻሺ݂ െ ݁ሻݔ௠ ൌ ܽߦ௜ݕ௠ ൌ ܽሺͳ െ ߦ௜ሻߟ௝ݖ௠ ൌ ܽሺͳ െ ߦ௜ െ ߟ௝ ൅ ߦ௜ߟ௝ሻߛ௞








ܫ଻ ൌ න න න
ͳ
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 (
 )HZRWKHUERXQGHGWKUHHGLPHQVLRQDOUHJLRQV
%\VXEVWLWXWLQJܽܾ݃ଵǡ ݃ଶǡ݄ଵDQG݄ଶLQ(TZHJHWWKHQRGHVDQGZHLJKWVሺݔ௠ǡ ݕ௠ǡ ݖ௠ǡ ܿ௠ሻUHTXLUHG
IRULQWHJUDWLRQRYHUWKHIROORZLQJUHJLRQVDVIROORZV
L 3ULVPܲ ൌ ሼሺݔǡ ݕǡ ݖሻȀͲ ൑ ݔ ൑ ݄ǡ Ͳ ൑ ݕ ൑ ܽǡ Ͳ ൑ ݖ ൑ ܽ െ ݕሽ




଴ ൎ σ ܿ௠݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻே
య
௠ୀଵ 
ZKHUHܿ௠ ൌ ݓଵ௜ݓଶ௝ݓଷ௞ܽଶ݄ሺͳ െ ߟ௝ሻݔ௠ ൌ ݄ߦ௜ݕ௠ ൌ ܽߟ௝ݖ௠ ൌ ܽሺͳ െ ߟ௝ሻߛ௞

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LL 3\UDPLGJLYHQLQ>@




଴ ൎ σ ܿ௠݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻே
య
௠ୀଵ 
ZKHUHܿ௠ ൌ Ͷሺͳ െ ߦ௜ሻଶݓଵ௜ݓଶ௝ݓଷ௞ݔ௠ ൌ ߦ௜ݕ௠ ൌ  ሺͳ െ ߦ௜ሻ൫ʹߟ௝ െ ͳ൯ݖ௠ ൌ ሺͳ െ ߦ௜ሻሺʹߛ௞ െ ͳሻ
6LPLODUO\ ZH JLYH WKH LQWHJUDWLRQ UXOH DQG UHVXOWV IRU VRPH WULSOH LQWHJUDOV KDYLQJ QRQOLQHDU OLPLWV RI
LQWHJUDWLRQ








ܿ௠ ൌ ͵ʹሺߦ௜ െ ߦ௜ଶሻଶሺͳ െ ߟ௝ሻݓଵ௜ݓଶ௝ݓଷ௞ݔ௠ ൌ ʹߦ௜ െ ͳݕ௠ ൌ Ͷ൫ߦ௜ െ ߦ௜ଶ൯൫ߟ௝ െ ͳ൯ ൅ ͳݖ௠ ൌ Ͷ൫ߦ௜ െ ߦ௜ଶ൯൫ͳ െ ߟ௝൯ߛ௞




଴ ൎ σ ܿ௠݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻே
య
௠ୀଵ 
ZKHUHܿ௠ ൌ ʹ൫ʹߟ௝ െ ͳ൯ଶݓଵ௜ݓଶ௝ݓଷ௞ݔ௠ ൌ ߦ௜ݕ௠ ൌ ʹߟ௝ െ ͳݖ௠ ൌ ൫ʹߟ௝ െ ͳ൯ଶߛ௞




଴ ൎ σ ܿ௠݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻே
య
௠ୀଵ 
ZKHUHܿ௠ ൌ ߨଶ ሺߨߦ௜ሻݓଵ௜ݓଶ௝ݓଷ௞ݔ௠ ൌ ߨߦ௜Ǣ ݕ௠ ൌ ߨߟ௝ݖ௠ ൌ ሺߨߦ௜ሻߛ௞
7KH LQWHJUDO YDOXHV RI VRPH WHVW IXQFWLRQV RYHU WKH UHJLRQV PHQWLRQHG DERYH DUH JLYHQ EHORZ DQG WKH
LQWHJUDWLRQUHVXOWVREWDLQHGE\WKHSURSRVHGPHWKRGDUHWDEXODWHGLQ7DEOH
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